In this paper, we formulate an N = 2 supersymmetric extension of a hydrodynamic-type system involving Riemann invariants. The supersymmetric version is constructed by means of a superspace and superfield formalism, using bosonic superfields, and consists of a system of partial differential equations involving both bosonic and fermionic variables. We make use of group-theoretical methods in order to analyze the extended model algebraically. Specifically, we calculate a Lie superalgebra of symmetries of our supersymmetric model and make use of a general classification method to classify the one-dimensional subalgebras into conjugacy classes. As a result we obtain a set of 401 one-dimensional nonequivalent subalgebras. For selected subalgebras, we use the symmetry reduction method applied to Grassmann-valued equations in order to determine analytic exact solutions of our supersymmetric model. These solutions include travelling waves, bumps, kinks, double-periodic solutions and solutions involving exponentials and radicals. *
Introduction
The concept of supersymmetry has been of considerable interest in the past three decades.
Supersymmetric theories involving both bosonic and fermionic degrees of freedom have been used extensively in order to describe various types of physical phenomena. We now list some of the most important examples. Progress in the analytic treatment of supersymmetric extensions of existing models, first used in the context of particle physics, and later in classical field theories such as fluid mechanics, has been rapid and resulted in many new techniques and theoretical approaches [1, 2, 3] . Some of the most interesting developments have been in the study of supersymmetric extensions for fluid dynamics, including polytropic gas dynamics [4] , relativistic hydrodynamics in four-dimensional Minkowski space [5, 6] , and a Kaluza-Klein model of a relativistic fluid [7] . More recently, the techniques have been applied to sigma models. The quantum version of the CP n−1 model contains an anomaly which prevents its integrability. However, in the N = 1 supersymmetric version of the CP n−1 model (involving only one fermionic independent variable), this anomaly disappears and the quantum version becomes an integrable model [8] .
In the literature, there exist several ways of supersymmetrizing nonlinear models. For instance, supersymmetric extensions of the Chaplygin gas in (1+1) and (2+1) dimensions were formulated through parametrizations of the Nambu-goto superstring and supermembrane [9, 10, 11] . The approach used in this paper involves a formalism in which the space of independent variables is enlarged to a superspace involving both bosonic and fermionic variables, while the dependent fields are replaced by generalized superfields. In particular, this method was used in the case of the Korteweg-de Vries equation [12, 13] and a version of the symmetry reduction method has been extended to the case involving Grassmann-valued partial differential equations in order to determine its invariant solutions [14] .
It is well known [15, 16, 17, 18] that there exists a connection between the Lie point symmetries of the one-component Schrödinger equation for a spinless particle and those of hydrodynamic systems at the classical level. The Lie algebra of infinitesimal symmetries of the one-component Schrödinger equation in d dimensions (denoted Sch 4+d(d+3)/2 ) is spanned by the following vector fields
It was demonstrated [19, 20] that a dynamical system whose conservation laws are the same as for a Schrödinger free particle must have a Lagrangian density of the form
If we introduce the vector v such that v i = ∂ i u and the density function ρ = −∂L/∂u t , then the potential u can be eliminated from the equations of motion, which become
and are identified as the equations of fluid dynamics describing the potential isentropic flow of a gas, where the (polytropic) pressure is P (ρ) = Aρ 1+d/2 , A ∈ R. This system can be easily solved using the method of characteristics leading to the non-scattering double waves u = k 1/2 (r 1 − r 2 ) + u 0 , ρ = Ae r 1 +r 2 , p = kAe r 1 +r 2 + p 0 , u 0 , p 0 , k, A ∈ R, (4) which reduces (3) to the following invariant hydrodynamic system The asymptotic behavior of initial localized disturbances (i.e. initial data with compact support) corresponding to the waves described in (4) was studied by Riemann [21] . It was demonstrated that after some finite time T , these waves could be separated again in such a way that waves of the same type as those assumed in the initial data could be observed. After a certain finite time T the first derivatives of the solution become unbounded so that, for times t > T , smooth solutions to the Cauchy problem do not exist. This phenomenon is known as the gradient catastrophe [22, 23] . Invariant solutions of the Schrödinger equation display similar behavior [24] .
As a subcase of the hydrodynamic model (3), we consider the equations of a steady, irrotational and compressible fluid flow in a plane [25] 
where (u, v) are the Cartesian components of the fluid velocity expressed in terms of a velocity potential ϕ (where u = ϕ x , v = ϕ y ), and the density ρ is assumed to be a function of u and v only. Different choices of function for the density lead to different hydrodynamic models. Two of the most important such choices are a Gaussian, irrotational, compressible fluid flow
in which case the density is given by the state equation
and the minimal surfaces equation in (2 + 1)-dimensional Minkowski space
corresponding to the state equation
Through the use of the Wick rotation y = it, equation (9) can be connected to the scalar
The Born-Infeld equation (11) is compatible with the following hydrodynamic type system expressed in terms of Riemann invariants [9] R t + SR x = 0,
via the transformation
Finally, the system for the Chaplygin gas
expressed as a conservation law, can be linked to the system (12) in Riemann invariants through the relations
symmetric generalizations were formulated through the use of a superspace and superfield formalism [26, 27] . A group-theoretical analysis of a supersymmetric hydrodynamic-type system allows us to characterize a Lie superalgebra of infinitesimal symmetries of the extended system and perform a systematic classification of its subalgebras. The method of symmetry reduction for Grassmann-valued equations allows us to determine exact analytic solutions of our generalized supersymmetric model. In a previous article [28] , we constructed an N = 1 extension of the hydrodynamic type system (12) through the use of a fermionic superfield. Since comparatively little is known concerning such extensions, we propose to construct an N = 2 supersymmetric extension of the system (12) in which the superfield is bosonic. This is motivated by the fact that supersymmetric versions of the Schrödinger equation have recently been considered [29] . The question arises as the whether a link could be determined between the supersymmetric versions of the Schrödinger and hydrodynamic equations and their subalgebras which is similar to the link established for the classical versions of the Schrödinger and hydrodynamic systems.
In this paper, we concentrate on the first step: building a supersymmetric extension of the hydrodynamic system (12) using a bosonic superfield and determining its symmetry
properties. This cannot be done in a non-trivial way by including only one fermionic independent variable (N = 1), so we will extend the space of independent variables to a superspace involving two fermionic independent variable (N = 2). In addition, we provide a number of interesting exact, analytic solutions of our extended system. These include polynomial, radical and exponential solutions, bumps, kinks and multisolitons as well as solutions expressed in terms of quadratures.
This paper is organized as follows. In Section 2, we construct an N = 2 supersymmetric extension of the system (12) through the use of a bosonic superfield involving two independent fermionic variables. Section 3 involves a computation of a Lie superalgebra of infinitesimal symmetries of our extended hydrodynamic system. In Section 4, we perform a number of symmetry reductions and present nine invariant solutions of the supersymmetric hydrodynamic model. Finally, Section 5 contains concluding remarks and a description of possible future developments. In Appendix A we present the full list of 401 one-dimensional Lie subalgebras associated with the supersymmetric system.
variants
In order to construct an N = 2 supersymmetric extension of the hydrodynamic type system (12), we enlarge the space of independent variables {x, t} to a superspace {x, t, θ, ϕ}.
Here, x and t are the standard bosonic space and time variables for (1 + 1)-dimensional space, while θ and ϕ are independent fermionic Grassmann variables. In addition, we replace the two bosonic fields R(x, t) and S(x, t) by the bosonic superfields
and
where η(x, t), ψ(x, t), π(x, t) and ω(x, t) are four new fermionic-valued fields, and U(x, t) and V (x, t) are two additional bosonic fields. We construct our generalization in such a way that it is invariant under the supersymmetry transformations
where α and β are constant fermionic parameters. The transformations (18) and (19) are generated by the infinitesimal supersymmetry generators
respectively, where ∂ x = ∂/∂x, etc. In order to make our superfield theory manifestly invariant under the action of Q x and Q t , it is useful to introduce the covariant derivatives
which possess the property that they anticommute with the operators Q x and Q t , i.e.
The most general form of a supersymmetric extension of system (12) , expressed in terms of superfields A and B and covariant derivatives D x and D t , is written in the form
where a i , i = 1, . . . , 6 are arbitrary real constant parameters. The supersymmetric system formed by equations (23) and (24) can be decomposed into the following eight differential equations corresponding to the coefficients of the various powers of θ and ϕ
In this paper, we consider the case where the real constant parameters vanish (i.e. a i = 0,
Here, the supersymmetric hydrodynamic system described by equations (23) and (24) becomes
and the system (25) takes the form
It should be noted that the system (27) is invariant under the discrete transformation
In what follows, we will refer to the system (27) as the N = 2 supersymmetric extension of the system (12) in Riemann invariants. In the limiting case where the four fermionic fields η, ψ, π, ω and the two additional bosonic fields U and V tend to zero, we recover the classical version of the hydrodynamic system (12).
3 Symmetries of the supersymmetric hydrodynamic model
Lie point symmetries
Using the techniques described in [30] adapted to Grassmann-valued differential equations, we determine a Lie superalgebra L of infinitesimal symmetries of the supersymmetric system (27) . This superalgebra is generated by the following twelve fiber-preserving vector
The physical interpretation of this Lie superalgebra as it applies to the coordinates (x, t, R, S, η, ψ, π, ω, U, V ) is as follows. The vector fields P 0 ,
Z 4 generate translations in x, t, U, V , η, ψ, π and ω respectively, while
and M 4 correspond to four independent dilations involving the independent and dependent (bosonic and fermionic) variables. The supercommutation relations of the generators described in (28) are summarized in Table 1 . 
Subalgebras of the Lie superalgebra
We now wish to classify the one-dimensional subalgebras of the superalgebra L. That is, we want to construct a list of representative subalgebras of L such that each subalgebra of L is conjugate to one and only one element of the list under the Baker-Campbell-Hausdorff equivalence conjugation relation
The classification methods do not readily lend themselves to computerization and therefore require a great deal of tedious, very involved computation. The full list of onedimensional subalgebras of the superalgebra L is quite voluminous (a total of 401 subalgebras), and so we provide only a brief discussion in this section. Complete details of this list are provided in Appendix A.
In order to perform the classification, we first decompose L into the following composite semidirect sum
where we introduce the notation
algebras of L are classified using techniques for semidirect sums of algebras as described in [31] . In general, the representative subalgebras of a semidirect sum F + ⊃ N of two Lie algebras F and N can be categorized as splitting subalgebras (which can be written in the form F 0 + ⊃ N 0 where F 0 ⊂ F and N 0 ⊂ N ) and nonsplitting subalgebras (all representative subalgebras which are not conjugate to a splitting one).
For each step of the form M + ⊃ P in the composite semidirect sum, we calculate the splitting and nonsplitting subalgebras. We obtain subalgebras of the form 
Invariant Solutions
Since the list of one-dimensional subalgebra classes of the Lie superalgebra L is so vast, we will not attempt to make a comprehensive analysis of all symmetry reductions and group-invariant solutions of the supersymmetric hydrodynamic system (27) . Instead, we select subalgebras from the list and use the symmetry reduction method in order to obtain certain interesting examples of solutions of (27) which are invariant with respect to each respective subalgebra. Specifically, we choose
For each of the subalgebras mentioned in (32), we begin by finding the nine invariants associated to the subalgebras along with the corresponding change of variable. The symmetry variable is labelled with the symbol ξ. Next, by substituting the change of variable and its derivatives into the original system (27) , we obtain a system of reduced ordinary differential equations. These results are listed in Tables 2 and 3 . 
From certain specific solutions of the reduced system, we use the change of variable in reverse in order to obtain an invariant solution of the supersymmetric hydrodynamic system (27) . In what follows, U 0 , V 0 , n, k, A, B, C 1 and C 2 represent arbitrary bosonic 
We begin by considering subalgebra L 4 , where we obtain the following solution
Here, the classical bosonic fields R and S are kink solutions, while the fermionic fields ψ and ω and the bosonic field V are expressed in terms of quadratures.
An invariant solution corresponding to subalgebra L 5 is
where F 1 F 2 = −n, and f 1 and f 2 are arbitrary bosonic functions of x. This is a static solution, where r, S, π and ω are expressed in terms of radicals, while η and ψ are fermionic solutions of arbitrary shape. Certain special functions, such as bumps, kinks and multiple waves can be used to model static physical phenomena.
For subalgebra L 7 , an invariant solution is represented by
where D 1 D 2 = ε, which is exponential in t, but linear in x.
Next, we have the following two exponential solutions involving travelling waves.
Subalgebra L 10 leads to the solution
where
Here, the fields η and ψ vary exponentially in time, while the fields π, ω, U and V take the form of plane waves.
For subalgebra L 13 , we obtain the solution
which behaves similarly to the solution given in (36), and represents plane waves.
In the case of subalgebra L 15 , we obtain the following two solutions:
where f 1 , f 2 , f 3 , f 4 , g 1 and g 2 are arbitrary bosonic functions of x − εt, and
Solutions (38) and (39) consist of travelling waves of arbitrary shape for both the bosonic and fermionic component fields. Bumps, kinks and doubly periodic solutions can be given a physical interpretation.
A solution invariant under subalgebra L 68 can be written as
where f and g are arbitrary bosonic functions of x − εt. This represents a combination of two travelling waves of arbitrary shape, including a superposition for the fermionic field
Finally, for subalgebra L 149 , we obtain the solution
where f and g are arbitrary bosonic functions of x − εt, and P is an arbitrary fermionic function of x − εt. For certain specific functions f (for instance, f (ξ) = ξ 2 ), the fermionic function ψ admits the gradient catastrophe.
In this paper we have shown how to formulate an N = 2 supersymmetric extension of a hydrodynamic-type system in Riemann invariants in terms of bosonic superfields.
A Lie superalgebra of infinitesimal symmetry generators of this extended system was found, consisting of translations and scaling transformations in both the bosonic and fermionic variables. In contrast with the N = 1 case, more scaling transformations are present, while no boost-type generator was found. A systematic classification in terms of conjugacy classes was performed for the one-dimensional subalgebras, resulting in a list of 401 nonequivalent classes of subalgebras. It is interesting and significant to note that the classification is much more extensive for the N = 2 supersymmetric extension than for its N = 1 counterpart [28] . Consequently, a complete symmetry reduction analysis of our supersymmetric hydrodynamic system would lead to very large classes of invariant solutions. We illustrate this directly through several examples of new explicit solutions in closed form involving both bosonic and fermonic fields. These solutions include travelling waves, bumps, kinks, double-periodic solutions and solutions involving polynomials, exponentials and radicals. We have also demonstrated an example where the gradient catastrophe occurs for the supersymmetric version. In the classical case, bumps can be interpreted physically as nucleation centres, kinks as domain walls and nonsingular periodic solutions as elementary excitations [32, 33] . The question arises as to whether a similar physical interpretation can be made for the N = 2 supersymmetric model.
The Lie symmetry algebra of the classical hydrodynamic system (12) shares in common with its classical Schrödinger counterpart time and space translations together with a Galilean-type boost and a dilation in time and space [28, 29] . The classical hydrodynamic algebra also contains a second dilation involving the fields and an inverse boost, while the classical Schrödinger algebra contains a phase shift and a special conformal-type transformation. The phase shift is not present for the classical system (12) since the fields R and S appear explicitly in the equations.
The (12-dimensional) Lie superalgebra of the extended N = 2 hydrodynamic system (27) Appendix A: Subalgebras of the Lie superalgebra of the extended hydrodynamics system
In the following discussion, we describe the classification of the Lie superalgebra described in Section 3. The symbols ε, µ, and ν represent either 1 or −1, the parameters a, b and c are nonzero real (bosonic) constants, while the quantities α, β, γ and δ are fermionic constants. The superalgebra L can be written in the composite semidirect sum given by (30) . In order to construct the list of representative one-dimensional subalgebras of L, we begin by considering the subalgebras of the algebra 
We then proceed to determine the subalgebra classification of each successive composite semidirect sum in (30) using the procedure for semidirect sums of Lie algebras described in [31] . This allows us to determine the subalgebra classification for each step and ultimately for the entire subalgebra L, which to our knowledge has not been classified before.
For the algebra M (1) = M (0) + ⊃ {P 0 }, the splitting one-dimensional subalgebras consist of all the subalgebras determined above for
together with the subalgebra
and the nonsplitting one-dimensional subalgebras are
For the algebra M (2) = M
(1) + ⊃ {P 1 }, the additional one-dimensional subalgebras are
For the algebra M (3) = M (2) + ⊃ {T 1 }, the additional one-dimensional subalgebras are
For the algebra M (4) = M (3) + ⊃ {T 2 }, the additional subalgebras are
For the superalgebra M (5) = M (4) + ⊃ {Z 1 }, the additional subalgebras are
For the superalgebra
⊃ {Z 2 }, the additional subalgebras are
For the superalgebra M (7) = M (6) + ⊃ {Z 3 }, the additional subalgebras are
⊃ {Z 4 }, the additional subalgebras are 
